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Abstract
Let T be a triangular algebra and R′ be an arbitrary ring. Suppose that M : T −→ R′ and M∗ : R′ −→ T
are surjective maps such that{
M(aM∗(x) + M∗(x)a) = M(a)x + xM(a),
M∗(M(a)x + xM(a)) = aM∗(x) + M∗(x)a
for all a ∈ T , x ∈ R′. In this paper, we give sufficient conditions on T such that both M and M∗ are additive.
In particular, if T is a standard subalgebra of a nest algebra, then both M and M∗ are additive.
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Let R1 and R′ be two rings, and let M : R1 −→ R′ and M∗ : R′ −→ R1 be two maps. Call
the ordered pair (M,M∗) a Jordan map of R1 × R′ if{
M(aM∗(x) + M∗(x)a) = M(a)x + xM(a),
M∗(M(a)x + xM(a)) = aM∗(x) + M∗(x)a (1)
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for all a ∈ R1, x ∈ R′. Obviously, if φ : R1 −→ R′ is a Jordan map, that is, φ is a bijective map
which satisfies that φ(ab + ba) = φ(a)φ(b) + φ(b)φ(a) for all a, b ∈ R1, then the pair (φ, φ−1)
is a Jordan map of R1 × R′.
It is an interesting problem to study the interrelation between the multiplicative and the additive
structure of a ring. It is Martindale who first established a condition on a ring R1 such that every
multiplicative bijective map on R1 is additive [10, Theorem]. Recently, the question of whether
a Jordan map is additive is studied by many mathematicians [4–9]. In particular, in [6], Ling and
Lu showed that every Jordan map on a standard subalgebra of a nest algebra is additive. In this
paper, we will extend this result to some triangular algebras.
LetA andB be two algebras over a commutative ringR, and letX be a faithful (A,B)-bimodule.
The R-algebra
Tri(A,X,B) =
{(
a x
b
)
: a ∈ A, x ∈ X, b ∈ B
}
under the usual matrix addition and formal matrix multiplication will be called a triangular algebra.
Cheung [1] firstly introduced triangular algebras, and investigated the Lie derivations and
commuting maps on triangular algebras [2,3]. In [11], Zhang and Yu proved that every Jordan
derivation of triangular algebras is a derivation.
The main result in this paper is the following.
Theorem. Let R′ be an arbitrary ring. Let A and B be two algebras over a commutative ring R,
let X be a faithful (A,B)-bimodule, and let T be the triangular algebra Tri(A,X,B). Suppose
that T satisfies:
(i) If a ∈ A is such that aa1 + a1a = 0 for all a1 ∈ A, then a = 0.
(ii) If b ∈ B is such that bb1 + b1b = 0 for all b1 ∈ B, then b = 0.
(iii) If x ∈ X is such that ax = 0 for all a ∈ A, or xb = 0 for all b ∈ B, then x = 0.
Suppose that (M,M∗) is an arbitrary Jordan map of T × R′, and both M and M∗ are surjec-
tive. Then both M and M∗ are additive.
The proof will be organized in a series of lemmas. We begin with the following trivial one.
Lemma 1. M(0) = 0 and M∗(0) = 0.
Proof. M(0)=M(0M∗(0) + M∗(0)0)=M(0)0 + 0M(0)=0. Similarly, M∗(0)=M∗(0M(0) +
M(0)0)=M∗(0)0 + 0M∗(0)=0.
We borrow the ideas of [10]. Set T11 =
{(
a 0
0
)
: a ∈ A
}
, T12 =
{(
0 x
0
)
: x ∈ X
}
, and
T22 =
{(
0 0
b
)
: b ∈ B
}
. Then we can write T = T11 ⊕ T12 ⊕ T22. In what follows, when we
write aij , it indicates aij ∈ Tij and the corresponding element in A, B, or X. Note that aij akl = 0
if j /= k. 
Lemma 2. Both M and M∗ are bijective.
Proof. It suffices to prove that M and M∗ are injective. First we show that M is injective. Let
a = a11 + a12 + a22, b = b11 + b12 + b22 ∈ T and suppose M(a) = M(b). For every t11 ∈ T11,
by surjectivity of M∗ there is x ∈ R′ such that M∗(x) = t11 and we have by (1)
192 J. Peisheng / Linear Algebra and its Applications 426 (2007) 190–198
t11a + at11 = M∗(x)a + aM∗(x) = M∗(xM(a) + M(a)x)
= M∗(xM(b) + M(b)x) = M∗(x)b + bM∗(x) = t11b + bt11.
Then we have t11a11 + t11a12 + a11t11 = t11b11 + t11b12 + b11t11 for every t11 ∈ T11. Conse-
quently, we have t11a11 + a11t11 = t11b11 + b11t11 and t11a12 = t11b12 for every t11 ∈ T11. By
Theorem (i) and (iii) we have a11 = b11 and a12 = b12.
For every t22 ∈ T22, by surjectivity of M∗ there is x ∈ R′ such that M∗(x) = t22 and we have
by (1)
t22a + at22 = M∗(x)a + aM∗(x) = M∗(xM(a) + M(a)x)
= M∗(xM(b) + M(b)x) = M∗(x)b + bM∗(x) = t22b + bt22.
Then we have t22a22 + a22t22 = t22b22 + b22t22 for every t22 ∈ T22. By Theorem (ii) we have
a22 = b22. Hence we get a = b.
Now we turn to proving the injectivity of M∗. Let x, y ∈ R′ such that M∗(x) = M∗(y). Set a =
a11 + a12 + a22 = M−1(x) and b = b11 + b12 + b22 = M−1(y). For every t11 ∈ T11, by surjec-
tivity of M∗M there is s ∈ T such that M∗M(s) = t11 and we have by (1)
t11M
−1(x) + M−1(x)t11
= M∗M(s)M−1(x) + M−1(x)M∗M(s)
= M∗(M(s)MM−1(x) + MM−1(x)M(s)) = M∗(M(s)x + xM(s))
= sM∗(x) + M∗(x)s = sM∗(y) + M∗(y)s
= M∗(M(s)y + yM(s)) = M∗(M(s)MM−1(y) + MM−1(y)M(s))
= M∗M(s)M−1(y) + M−1(y)M∗M(s) = t11M−1(y) + M−1(y)t11.
Then we have t11a11 + t11a12 + a11t11 = t11b11 + t11b12 + b11t11 for every t11 ∈ T11. Conse-
quently, we have t11a11 + a11t11 = t11b11 + b11t11 and t11a12 = t11b12 for every t11 ∈ T11. By
Theorem (i) and (iii) we have a11 = b11 and a12 = b12.
For every t22 ∈ T22, by surjectivity of M∗M there is s ∈ T such that M∗M(s) = t22 and we
have by (1)
t22M
−1(x) + M−1(x)t22
= M∗M(s)M−1(x) + M−1(x)M∗M(s)
= M∗(M(s)MM−1(x) + MM−1(x)M(s)) = M∗(M(s)x + xM(s))
= sM∗(x) + M∗(x)s = sM∗(y) + M∗(y)s
= M∗(M(s)y + yM(s)) = M∗(M(s)MM−1(y) + MM−1(y)M(s))
= M∗M(s)M−1(y) + M−1(y)M∗M(s) = t22M−1(y) + M−1(y)t22.
Then we have t22a22 + a22t22 = t22b22 + b22t22 for every t22 ∈ T22. By Theorem (ii) we have
a22 = b22. Hence we get M−1(x) = a = b = M−1(y) and so x = y. 
Lemma 3. The pair (M∗−1,M−1) is a Jordan map ofT × R′, that is, the mapsM∗−1 : T −→ R′
and M−1 : R′ −→ T satisfy{
M∗−1(aM−1(x) + M−1(x)a) = M∗−1(a)x + xM∗−1(a),
M−1(M∗−1(a)x + xM∗−1(a)) = aM−1(x) + M−1(x)a
(2)
for all a ∈ T , x ∈ R′.
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Proof. The first equality can follow from
M∗(M∗−1(a)x + xM∗−1(a)) = M∗(M∗−1(a)MM−1(x) + MM−1(x)M∗−1(a))
= M∗(M∗−1(a))M−1(x) + M−1(x)M∗(M∗−1(a))
= aM−1(x) + M−1(x)a
= M∗(M∗−1(aM−1(x) + M−1(x)a))
and the second equality follows in a similar way. 
Lemma 4. If s, a, b ∈ T such that M(s) = M(a) + M(b), then for all t ∈ T
(i) M(ts + st) = M(ta + at) + M(tb + bt);
(ii) M∗−1(ts + st) = M∗−1(ta + at) + M∗−1(tb + bt).
Proof. Let t ∈ T . Then by (1)
M(ts + st) = M(M∗M∗−1(t)s + sM∗M∗−1(t)) = M∗−1(t)M(s) + M(s)M∗−1(t)
= M∗−1(t)(M(a) + M(b)) + (M(a) + M(b))M∗−1(t)
= (M∗−1(t)M(a) + M(a)M∗−1(t)) + (M∗−1(t)M(b) + M(b)M∗−1(t))
= M(M∗M∗−1(t)a + aM∗M∗−1(t)) + M(M∗M∗−1(t)b + bM∗M∗−1(t))
= M(ta + at) + M(tb + bt).
This proves (i).
Similar to above, it follows from the first equality of (2) that (ii) holds, completing the proof. 
Lemma 5. Let aij ∈ Tij , 1  i  j  2. Then
(i) M(a11 + a12) = M(a11) + M(a12);
(ii) M(a22 + a12) = M(a22) + M(a12);
(iii) M∗−1(a11 + a12) = M∗−1(a11) + M∗−1(a12);
(iv) M∗−1(a22 + a12) = M∗−1(a22) + M∗−1(a12).
Proof. By Lemma 3, we only prove (i) and (ii). Since M is surjective, we can find an element
s = s11 + s12 + s22 ∈ T such that
M(s) = M(a11) + M(a12).
For t22 ∈ T22, we see that from Lemma 4(i)
M(t22s + st22) = M(t22a11 + a11t22) + M(t22a12 + a12t22)
= M(0) + M(a12t22) = M(a12t22).
It follows that t22s + st22 = a12t22 for every t22 ∈ T22. Hence t22s22 + s22t22 + (s12 − a12)t22 =
0, and so t22s22 + s22t22 = 0 and (s12 − a12)t22 = 0 for every t22 ∈ T22. Thus by Theorem (ii)
and (iii), we get s22 = 0, s12 = a12.
For t12 ∈ T12, from Lemma 4(i), we have
M(t12s + st12) = M(t12a11 + a11t12) + M(t12a12 + a12t12) = M(a11t12).
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Therefore, t12s + st12 = a11t12 for every t12 ∈ T12. Equivalently, t12s22 + (s11 − a11)t12 = 0 for
every t12 ∈ T12. But we have shown that s22 = 0, it follows that (s11 − a11)t12 = 0. Since X is
a faithful (A,B)-module, we have s11 = a11. Consequently, s = a11 + a12. This proves the first
equality. The second can be proved similarly. 
The next goal is to prove that M and M∗−1 are additive on T12.
Lemma 6. Let a11 ∈ T11, a12, b12 ∈ T12, b22 ∈ T22. Then
(i) M(a11b12 + a12b22) = M(a11b12) + M(a12b22);
(ii) M∗−1(a11b12 + a12b22) = M∗−1(a11b12) + M∗−1(a12b22).
Proof. (i) Compute
a11b12 + a12b22 = (a11 + a12)(b12 + b22) + (b12 + b22)(a11 + a12).
Thus, by Lemma 5, we have that
M(a11b12 + a12b22)
= M((a11 + a12)(b12 + b22) + (b12 + b22)(a11 + a12))
= M((a11 + a12)M∗(M∗−1(b12 + b22)) + M∗(M∗−1(b12 + b22))(a11 + a12))
= M(a11 + a12)M∗−1(b12 + b22) + M∗−1(b12 + b22)M(a11 + a12)
= (M(a11) + M(a12))(M∗−1(b12) + M∗−1(b22))
+ (M∗−1(b12) + M∗−1(b22))(M(a11) + (a12))
= (M(a11)M∗−1(b12) + M∗−1(b12)M(a11)) + (M(a11)M∗−1(b22)
+M∗−1(b22)M(a11)) + (M(a12)M∗−1(b12) + M∗−1(b12)M(a12))
+ (M(a12)M∗−1(b22) + M∗−1(b22)M(a12))
= M(a11M∗M∗−1(b12) + M∗M∗−1(b12)a11) + M(a11M∗M∗−1(b22)
+M∗M∗−1(b22)a11) + M(a12M∗M∗−1(b12) + M∗M∗−1(b12)a12)
+M(a12M∗M∗−1(b22) + M∗M∗−1(b22)a12)
= M(a11b12 + b12a11) + M(a11b22 + b22a11)
+M(a12b12 + b12a12) + M(a12b22 + b22a12)
= M(a11b12) + 2M(0) + M(a12b22) = M(a11b12) + M(a12b22).
(ii) Lemma 3 tells us that the pair (M∗−1,M−1) is also a Jordan map of T × R′. Therefore (ii)
holds. 
Lemma 7. M and M∗−1 are additive on T12.
Proof. By Lemma 3, we only prove that M is additive on T12.
Let a12, b12 ∈ T12 and choose s = s11 + s12 + s22 ∈ T such that
M(s) = M(a12) + M(b12).
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For t22 ∈ T22, we see that from Lemma 4(i)
M(t22s + st22) = M(t22a12 + a12t22) + M(t22b12 + b12t22) = M(a12t22) + M(b12t22).
(3)
For t11 ∈ T11, we see that from Lemma 4(i) and Lemma 6
M(t11(t22s + st22) + (t22s + st22)t11)
= M(t11a12t22 + a12t22t11) + M(t11b12t22 + b12t22t11)
= M(t11a12t22) + M(t11b12t22)
= M(t11a12t22 + t11b12t22).
It follows that t11st22 + t22st11 = t11a12t22 + t11b12t22 for every t11 ∈ T11, t22 ∈ T22. Since
t22st11 = 0, we have t11(s12 − a12 − b12)t22 = 0 for every t11 ∈ T11, t22 ∈ T22. By Theorem (iii),
we have s12 = a12 + b12.
For t12 ∈ T12, since M(t22s + st22) = M(a12t22) + M(b12t22), we see that from Lemma 4(i)
and Lemma 6
M(t12(t22s + st22) + (t22s + st22)t12) = M(t12a12t22 + a12t22t12)
+M(t12b12t22 + b12t22t12) = 0.
It follows that t12(t22s + st22) + (t22s + st22)t12 = 0. Hence, t12(s22t22 + t22s22) = 0 for all t12 ∈
T12, t22 ∈ T22. Since X is a faithful (A,B)-module, we have s22t22 + t22s22 = 0. It follows from
Theorem (ii) that s22 = 0.
For t12 ∈ T12, since M(s) = M(a12) + M(a12), from Lemma 4(i), we get that M(t12s +
st12) = M(t12a12 + a12t12) + M(t12b12 + b12t12) = 0, and so t12s + st12 = 0, from which we
get that t12s22 + s11t12 = 0 for every t12 ∈ T12. It follows from the fact that s22 = 0 and X is a
faithful (A,B)-module that s11 = 0. Consequently, s = a12 + b12. This proves that M is additive
on T12. 
Lemma 8. M and M∗−1 are additive on T11.
Proof. By Lemma 3, we only prove that M is additive on T11.
Let a11, b11 ∈ T11 and choose s = s11 + s12 + s22 ∈ T such that
M(s) = M(a11) + M(b11).
For t22 ∈ T22, we see that from Lemma 4(i)
M(t22s + st22) = M(t22a11 + a11t22) + M(t22b11 + b11t22) = 0.
It follows that t22s + st22 = 0 for every t22 ∈ T22. Equivalently, t22s22 + s12t22 + s22t22 = 0 for
every t22 ∈ T22. Hence, we get that t22s22 + s22t22 = 0 and s12t22 = 0 for every t22 ∈ T22. By
Theorem (ii)and (iii), we have that s12 = 0 and s22 = 0.
Now it remains to prove that s11 = a11 + b11. For t12 ∈ T12, We see that from Lemma 4(i) and
Lemma 7
M(t12s + st12) = M(t12a11 + a11t12) + M(t12b11 + b11t12)
= M(a11t12) + M(b11t12) = M(a11t12 + b11t12).
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Hence, we have t12s + st12 = a11t12 + b11t12 for every t12 ∈ T12. Since s12 = 0 and s22 = 0, it
follows that s11t12 = (a11 + b11)t12. Since X is a faithful (A,B)-module, we have that s11 =
a11 + b11. 
Similarly, we can prove the following.
Lemma 9. M and M∗−1 are additive on T22.
Lemma 10. Let aij ∈ Tij , 1  i  j  2. Then M(a11 + a12 + a22) = M(a11) + M(a12) +
M(a22).
Proof. Choose s = s11 + s12 + s22 ∈ T such that
M(s) = M(a11) + M(a12) + M(a22).
For t11 ∈ T11, we see that from Lemma 4(i)
M(t11s + st11)
= M(M∗M∗−1(t11)s + sM∗M∗−1(t11)) = M∗−1(t11)M(s) + M(s)M∗−1(t11)
= M∗−1(t11)(M(a11) + M(a12) + M(a22))
+ (M(a11) + M(a12) + M(a22))M∗−1(t11)
= (M∗−1(t11)M(a11) + M(a11)M∗−1(t11)) + (M∗−1(t11)M(a12)
+M(a12)M∗−1(t11)) + (M∗−1(t11)M(a22) + M(a22)M∗−1(t11))
= M(M∗M∗−1(t11)a11 + a11M∗M∗−1(t11)) + M(M∗M∗−1(t11)a12
+ a12M∗M∗−1(t11)) + M(M∗M∗−1(t11)a22 + a22M∗M∗−1(t11))
= M(t11a11 + a11t11) + M(t11a12 + a12t11) + M(t11a22 + a22t11)
= M(t11a11 + a11t11) + M(t11a12)
= M(t11a11 + a11t11 + t11a12)
making use of Lemma 5 in the last equality. It follows that t11s + st11 = t11a11 + a11t11 +
t11a12 for every t11 ∈ T11. Equivalently, t11(s11 − a11) + (s11 − a11)t11 + t11(s12 − a12) = 0 for
every t11 ∈ T11. Hence we have t11(s11 − a11) + (s11 − a11)t11 = 0 and t11(s12 − a12) = 0. By
Theorem (i) and (iii), we get that s11 = a11 and s12 = a12. Similarly, we can prove that
s22 = a22. 
Proof of the Theorem. Let a = a11 + a12 + a22, b = b11 + b12 + b22 ∈ T . Then Lemmas 7–10
are all used in seeing the equalities
M(a + b) = M((a11 + b11) + (a12 + b12) + (a22 + b22))
= M(a11 + b11) + M(a12 + b12) + M(a22 + b22)
= M(a11) + M(b11) + M(a12) + M(b12) + M(a22) + M(b22)
= M(a11 + a12 + a22) + M(b11 + b12 + b22)
= M(a) + M(b)
hold true. That is, M is additive on T .
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Now let us show that M∗ is additive on R′. Let x, y ∈ R′. Suppose a = a11 + a12 + a22 =
M∗(x) + M∗(y) and b = b11 + b12 + b22 = M∗(x + y).
For every t11 ∈ T11, by using the additivity of M we have
M(t11a + at11) = M((t11M∗(x) + M∗(x)t11) + (t11M∗(y) + M∗(y)t11))
= M(t11M∗(x) + M∗(x)t11) + M(t11M∗(y) + M∗(y)t11)
= M(t11)x + xM(t11) + M(t11)y + yM(t11)
= M(t11)(x + y) + (x + y)M(t11)
= M(t11M∗(x + y) + M∗(x + y)t11) = M(t11b + bt11).
It follows that t11a + at11 = t11b + bt11. Equivalently, t11(a11 − b11) + (a11 − b11)t11 +
t11(a12 − b12) = 0 for every t11 ∈ T11. Hence we have t11(a11 − b11) + (a11 − b11)t11 = 0 and
t11(a12 − b12) = 0. By Theorem (i) and (iii), we get that a11 = b11 and a12 = b12. Similarly, we
can prove that a22 = b22. Hence M∗(x) + M∗(y) = M∗(x + y).
The proof of the theorem is now completed. 
Remark. Suppose that A, B and R′ are algebras over the real field, or the complex field. Suppose
that r is a non-zero scalar. Let M : T −→ R′ and M∗ : R′ −→ T be two maps. Call the ordered
pair (M,M∗) a r-Jordan map of T × R′ if{
M(r(aM∗(x) + M∗(x)a)) = r(M(a)x + xM(a)),
M∗(r(M(a)x + xM(a))) = r(aM∗(x) + M∗(x)a)
for all a ∈ T , x ∈ R′. We remark that with a slightly modification, the theorem can be proved to
be still true if the Jordan map of T × R′ in theorem is replaced by a r-Jordan map of T × R′.
Let H be a Hilbert space over the field F of real numbers, or complex numbers. Denote
by B(H) the algebra of all linear bounded operators on H and by I the identity operator on
H . A chain N of projections on H is called a nest if it contains 0 and I and it is closed in
the strong operator topology. The nest algebra denoted by T (N) corresponding to N is defined
by T (N) = {t ∈ B(H) : te = ete for all e ∈ N}. A subalgebra of T (N) is called a standard
subalgebra if it contains the algebra of all finite rank operators in T (N).
Corollary 11. Let N be a non-trival nest on a Hilbert space, that is, N /= {0, I }. Let T be a
standard subalgebra of the nest algebra T (N) and R′ be an algebra over the field F. Suppose
that (M,M∗) is a Jordan map of T × R′, and both M and M∗ are surjective. Then both M and
M∗ are additive.
Proof. Fix an element e in N with 0 < e < I . Set A = eT e, X = eT (I − e) and B = (I −
e)T (I − e). Then we have T = Tri(A,X,B). By [6, Lemmas 2 and 4], it follows that T satisfies
the conditions of the theorem. Hence both M and M∗ are additive. 
Corollary 12. Let T = Tri(A,X,B) be an triangular algebra and R′ be an arbitrary ring. Sup-
pose that (M,M∗) is a Jordan map of T × R′. If both A and B have identity, then both M and
M∗ are additive.
Proof. Since both A and B have identity, it is clear that the conditions of the theorem hold. Hence
both M and M∗ are additive. 
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Let X be a Banach space. Denote by B(X) the algebra of all linear bounded operators on X.
A subalgebra of B(X) is called a standard operator algebra if it contains all finite rank operators
in B(X). Let A and B be standard operator algebras on X. Denote by B0 the opposite algebra of
B. Then X is a faithful (A,B0)-module in the obvious way. From [7, Lemma 2(iv)], it follows
that the triangular algebra T = Tri(A,X,B0) satisfies the conditions of the theorem. Hence we
have following.
Corollary 13. Let X be a Banach space and let A and B be standard operator algebra on X. Let
T be the triangular algebra Tri(A,X,B0) and R′ be an arbitrary ring. Suppose that (M,M∗) is
a Jordan map of T × R′, and both M and M∗ are surjective. Then both M and M∗ are additive.
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